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Typeset using REVT E X In one of the classic experiments of physics, Colella, Overhauser, and Werner (COW) established that quantum mechanics and gravitation, despite the well known conceptual problems, behave in a manner expected for any other interaction [1] . Given the fact that the experiment involved thermal neutrons (non-relativistic quantum realm) and the Earth's gravitational field (weak gravity), this may not be too unexpected. Nevertheless, theoretical investigation of this elegant experiment provides a deep understanding of gravitation in the context of quantum mechanics [2] . From a formal point of view the COW experiment studies the effect of gravitation on the quantum mechanical evolution of a single mass eigenstate.
Here, we we shall consider the effect of gravitation on the quantum mechanical evolution of a physical state that is a linear superposition of distinct mass eigenstates;
1 and explore the possible astrophysical consequences of this study.
It is instructive to seek a specific example within whose framework we may undertake our study. Neutrinos are a profound player in astrophysical and cosmological evolutions where gravitation is one of the most essential elements [3] . Parenthetically, and for the sake of completeness, it must be noted that very recently Collar [4] has argued convincingly that the part neutrinos play may not be confined to astrophysical and cosmological stage alone, but may extend to the biological evolution as well. For decades the solar neutrino anomaly [5] has indicated that the neutrino flavor eigenstates may be a linear superposition of mass eigenstates [6] . This view has been further strengthened by the data on the atmospheric neutrinos [7] , and most recently by the observation of excess ν e observed at the Liquid Scintillator Neutrino Detector (LSND) Neutrino Oscillation Experiment (NOE) at LAMPF [8] . The excess events observed at LSND NOE have been tentatively interpreted as ν µ → ν e oscillation [8] .
Let us assume that in the "creation region," R c , located at r c , a weak eigenstate with energy E ν , denoted by |ν ℓ , R c , is produced at r c , with the clock set to t = 0. Each of the three neutrino mass eigenstate shall be represented by |ν ı ; ı = 1, 2, 3. So we have the linear superposition:
where ℓ = e, µ, τ represent the weak flavor eigenstates (corresponding to electron, muon, and tau neutrino respectively). 2 The |ν 1 , |ν 2 , and |ν 3 correspond to the three mass eigenstates of masses m 1 , m 2 , and m 3 respectively. Under the already indicated assumptions the unitary mixing matrix U ℓı may be parameterized by three angles and reads
where c θ = cos(θ), s θ = sin(θ), etc.
Since there may be ambiguities about the "time evolution" in the presence of a gravitational field it is important to outline our calculational philosophy before proceeding further.
From an operational point of view "t" may be identified with the path length traversed by the neutrino as it evolves from R c to R d . We work under the assumption that the time evolution of a physical state, even in the presence of a gravitational field, is determined by the Schrödinger equation [10] 3 2 We shall assume that CP is not violated for the purposes of this analysis. Neutrinos shall be assumed to be of the Dirac type (for a recent analysis of various quantum field theoretic possibilities for the description of neutral particles of spin-1/2 and higher, and their relation with space-time symmetries, see Ref. [9] and references therein). In addition, we shall assume that both ν ℓ and ν m are relativistic in the frame of the experimenter.
We assume that H is the total energy operator, the Hamiltonian, associated with the system.
We shall assume that kinetic energy E of neutrinos is not changed in this evolution. That is, we neglect any gravitational energy shift (whether it be towards the red or the blue) on E without ignoring the effect of the gravitational interaction energy on the quantum phases that various mass eigenstates pick up. Also, we shall not concern ourselves with the conceptual matters related to CPT, gravitation, and locality at this stage [11] .
At a time "t"= t > 0, we wish to study the weak flavor eigenstate in the "detector region," R d , located at r d . Under the above indicated assumptions the neutrino evolution is given by the expression:
For the sake of simplicity and immediate application to simple astrophysical environments, consider that both R c and R d are located in the Schwarzschild gravitational environment [12] of a spherically symmetric object of mass M. In this environment, the weak flavor eigenstate given by Eq. (1) evolves to
where the exact expression for F G (due to E. Schucking, as cited by Okun in Ref. [13] ) reads
is the general relativistic expression for the force experienced by the neutrino mass eigenstate associated with m ı (at location r ). In Eq. (6), β = v/c, |v| is the magnitude of the neutrino velocity (and is assumed same for all three mass eigenstates), and γ = (1 − β 2 ) −1/2 . To be consistent with our calculational philosophy outlined above, we must take F G in the Okun approximation [13] . In this approximation we have
Working within the Okun approximation 4 and setting β = 1 and m ı γ = E ı , we have
So Eq. (5) becomes:
Gravitation plays no direct role on neutrino oscillations in the existing literature. 5 A comparison of Eqs. (1) and (9) shows that gravitation may introduce non-zero observable relative phase differences between the three mass eigenstates that appear in the definition of a weak flavor eigenstate. The effect of gravitationally induced relative phase differences in neutrino oscillations is best studied by examining the "neutrino oscillation probability" from a state |ν ℓ , R c to another state |ν ℓ ′ , R d . This oscillation probability is obtained by calcu- , and E  ≃ E ı ≡ E, yields:
4 Since F G , in Eq. (7), is velocity dependent one may worry if r ∞ F G · dr ′ is path dependent. We have explicitly verified that it is not. Mechanics, and Gravity" in Ref. [15] (Ref. [15] also contains references to many classic works on the subject); and (c) the work of J. Anandan on the gravitational phase operator [16] .
The arguments of sin 2 (· · ·) in the neutrino oscillation probability now contain two type of phases. The usual kinematic phase, denoted here by ϕ (actually ten to a hundred times less than this will do because of the fact that COW experiment saw a shift in fringes by a rather large number) one may see gravitationally induced effect on neutrino oscillations in terrestrial experiments (such as those involving atmospheric neutrinos [7] ). However, this is not so. The reason being that the COW experiment used thermal neutrons (i.e. non-relativistic particles) and hence the effect was proportional to the mass of the neutron. For the MeV-GeV neutrinos (i.e. relativistic particles), as is the case for the accelerator and the atmospheric neutrinos, the effect is proportional to mass squared differences. As a result, the effect may only be seen in astrophysical environments.
The above considerations complete the formal aspects of this paper. We now turn to what is essentially a back-of-the-envelope exploration of the astrophysical consequences.
In the context of supernova explosions, and the problem of obtaining successful explosions, we follow Colgate et al. [17] and assume that the matter next to the neutron star is with comparable fluxes of ν µ , ν µ , ν τ , ν τ [18] . A particularly relevant fact about these fluxes is that while average energy of ν e is about 10 MeV, the average energy of other neutrinos may be higher by a factor of about 2 to 3. Because of the extremely large fluxes, and different energies (and hence different cross sections) associated with the neutrinos, even a small variation in the neutrino oscillation probabilities may profoundly affect the success of the supernova explosion provided at least one of the λ osc ı has appropriate length scale.
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The existing experiments imply that the two independent mass square differences [19] that define ϕ ≃ 100 m. These length scales are certainly relevant to the supernova-evolution processes of neutrino diffusion, neutrino trapping, and neutrino heating. 7 These length scales, and hence the associated supernova processes (and very importantly the compatibility arguments between terrestrial neutrino oscillations and supernova evolution [20] ), will be altered if we find ϕ To see if the neutrino oscillation phases can be altered at a level of a few percent in the neighborhood of the neutron star we consider the radially outward motion of a neutrino, 6 In neutrino oscillation literature "oscillation length" is defined as 
Taking M to be one solar mass M ⊙ and r c = 10 km, we have 
We thus find that for one solar mass neutron star, with a radius of ten kilometers, ϕ
G ı
is about fifteen percent of the ϕ 0 ı . 8 Given these considerations, astrophysical relevance of the gravitationally induced quantum mechanical phases in neutrino oscillations seems highly likely.
